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COBORDISM CLASSIFICATION OF KNOTTED
HOMOLOGY 3-SPHERES IN S5
OSAMU SAEKI
(Received February 10, 1987)
In [8], odd dimensional knot cobordism groups C2n^ (n'2>2) were studied
and given a purely algebraic description. C2 Λ_j is the set of all cobordism
classes of knotted (2n— l)-spheres in the (2n+l)-sphere, and it is an abelian
group under connected sum. In this paper we extend this to knotted homology
3-spheres in the 5-sphere and consider their homology cobordism classes. The
set of all such homology cobordism classes, denoted by C"y is also an abelian
group under connected sum. We shall describe the group Cf using the usual
homology cobordism group of homology 3-spheres and Levine's cobordism
group of certain matrices (Theorem 1.1). Our argument heavily depends on
that of J. Levine.
In §3 we introduce the bounding genus and the Murasugi number of a
knotted homology 3-sphere in S*. Using our techniques we can estimate these
numerical invariants from above. In §4 we consider the case of algebraic 3-
knots which appear around isolated singularities of complex hypersurfaces in
C3 (see [11]). For example, we shall show that two algebraic 3-knots which
are homology 3-spheres and defined by weighted homogeneous polynomials are
homology cobordant if and only if they are isotopic.
Throughout the paper, we shall work in the C°° category. Homology
groups will always be with integral coefficients.
The author would like to thank Professor S. Fukuhara for suggesting the
problem. He is also grateful to Professor F. Michel who was kind enough to
send us a copy of S. Akbulut's note.
1. Statement of the main result
A 3-knot will denote the oriented isotopy class of an embedded homology
3-sphere in the 5-sphere S5. Two 3-knots K0, Kλ are homology cobordant if
there exists a compact oriented 4-submanifold W of [0, l]x*S5 with dW=
(1X K)) U (0 X (—KQ)) such that the inclusion induces an isomorphism H*(jxKj)
~^>H*(W) for j=Q, 1. We call W a homology cobordism between KQ and K^ If
W is diffeomorphic to [0, 1] X KQ, we say that KQ is concordant to Kv A 3-knot
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is null-cobordant if it is homology cobordant to the standard embedding
— equivalently, if it bounds an embedded homology 4-ball in Z)6. The homology
cobordism relation is an equivalence relation. The set of all homology cobordism
classes of 3 -knots will be denoted by Cf. This is an abelian group under
connected sum. See [5, Ch. Ill] for details.
Let M* denote the usual homology cobordism group of homology 3-spheres
(for example see [9]). Furthermore let G+ denote the set of all cobordism classes
of integral square matrices L with det(L+/L)— ±1 (see [8]). G+ is an abelian
group under block sum. For a 3 -knot K, L
κ
 will denote the Seifert matrix of
K (for the definition see [8], [13]). For a homology 3-sphere Σ, ρ(Σ)(^ {0,1})
will denote the Rohlin invariant of Σ. For an integral symmetric matrix £),
sign(ζ)) will denote the signature of Q. The symbol [ ] will always mean an
appropriate equivalence class.
Then our main result is the following.
Theorem 1.1. Cf is isomorphic to the index 2 subgroup Λ of MZ®G+, where
A= {[J]φ[L]ec#30G; ύgn(L+tL) = 8p(Σ) (mod 16)} . In fact, the map which
sends each element K of Cf to [J/£]φ[LJΓ]et#30G+ is an isomorphism onto Λ.
Let C3 denote the usual 3 -dimensional knot cobordism group. Then we
have the following short exact sequence.
Corollary 1.2. The sequence
is exact, where i is the canonical <(inclusion map" and π is the map which forgets
embeddings.
Proof of Corollary 1.2. Let π ': Λ-»c#3 be the projection to the first factor.
π is surjective and ker^'^G^(— {[L]eG+; sign (L+'L) = 0 (mod 16)}). By
Levine [8], C3 is isomorphic to G+. This completes the proof.
REMARK. We do not know whether the above sequence splits or not.
2. Proof of Theorem 1.1
A 3-knot K is simple if ^(S5—K)^Z. It is proved that K is simple if
and only if it bounds a 1 -connected 4-submanifold of S5 (see [7]).
Theorem 1.1 will follow from the following five lemmas.
Lemma 2.1. If K is a null-cobordant 3 -knot, then its Seifert matrix L
κ
 is
null-cobordant.
Lemma 2.2. Let K be a 3-knot. Then άg&(L
κ
+*L
κ
) = %p(K) (mod 16)
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Lemma 2.3. Let Σ be a homology 3 -sphere and let L be an integral square
matrix zϋith sign(L+tL)^Sp(Σ) (mod 16) and det(L+'Z,) = ±l. Then L can be
changed in its cobordίsm class so that it can be realized as a Seifert matrix of some
simple 3 -knot K, where K is dίffeomorphic to Σ.
Lemma 2.4. Every Z-knot is concordant to a simple 3-knot.
Lemma 2.5. Let K be a simple Z-knot such that [L
κ
]=0 in G+ and [K]=Q
in M*. Then K is null-cobordant, i.e., [K]= 0 in Cξ.
Lemmas 2.1, 2.2 and 2.4 can be proved by the same argument as in §8,
§10 and §11 of [8] respectively. Lemma 2.3 follows from [13, Theorem 2.2].
For a compact oriented 4-manifold M, let σ(M) denote its signature. To
prove Lemma 2.5, we need the following lemma.
Lemma 2.6. Let M and F be compact oriented spin 4-manifolds with dif-
feomorphic boundaries such that H^M)^^ and π1(F)=l. Suppose that QM^dF
is a homology 3 -sphere and σ(M)=σ(F). Then a surgery on some finite collection
of disjoint circles in M produces M' dίffeomorphic to F$k(S2xS2) for some non-
negative integer k.
Proof. Surgery on some finite collection of disjoint circles in M produces
Ml with TT^MΊ) trivial; if the circles are framed correctly then w2(M1)=Q. Note
that σ(M1)=σ(M). Then by [12, §4], M, # k'(S2 X S2) is diίfeomorphic to F # k
(S2xS2) for some k' and k. Obviously Λf'= M
λ
 #k'(S2xS2) is obtained by
surgery on the k' -component trivial link in M
v
 This completes the proof.
Proof of Lemma 2.5. Since [K]= 0 in c^3, K bounds a compact homology
4-ball M. Let F be a 1 -connected compact 4-submanifold of *S5 bounded by
K. Since we can perform connected sums with copies of S2xS2 in S5, we
may assume, by Lemma 2.6, that F is diffeomorphic to the manifold obtained
by surgery on some finite collection of disjoint circles in M. Using the surgery
framings of the circles, we attach 2-handles to MX I of Mx[0, 1]. Let X
denote the resulting 5-manifold, then QX=(Mx 0) U (dMx [0, Ϊ\)\JF.
Let {Si} be the family of disjoint embedded 2-spheres in F which consists
of the belt spheres of the 2-handles of X. Let a'i^H2(F) be the homology
class of S'i. Since QF is a homology 3-sρhere, the intersection pairing of F is
unimodular. Thus by the same argument as in [8, §13], we can find a self-
diίfeomorphism h of F such that Γ
κ
(h*a'i, h*a'j)=Q for all / and j, where Γ
κ
 is
the Seifert form of the 3-knot K. Let S—^Sty. Then we can perform sur-
gery on F in D6 using {S{} as in [8, §12]. The resulting 4-submanifold of D6
is easily seen to be diffeomorphic to the homology 4-ball M. Since QM=K,
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[K]=0 in Cf. This completes the proof of Lemma 2.5, and Theorem 1.1.
As the above proof shows, a null-cobordant simple 3-knot K bounds in Z)6
any homology 4-ball M with QM diffeomorphic to K. Combining this with
Lemma 2.4, we obtain the following.
Corollary 2.7. Let KQ and Jζj be homology cobordant 3 -knots. If K0 is
diffeomorphic to Klt then KQ is concordant to Kλ.
3. The bounding genus and the Murasugi number of a 3-knot
Let K be a 3-knot. Let £BK denote the set of all compact oriented 4-sub-
manifolds Δ of Z)6 bounded by K with the following properties.
(1) Δ is connected and H1(A)=Q.
(2) The intersection form of Δ is isomorphic to an orthogonal sum of n
copies of hyperbolic planes, nU=n( ), for some non-negative inte-
ger n.
Define b
κ
=— min {rank £Γ2(Δ); Δe^} if -@*Φφ, and define bκ=oo if &κ=
φ. b
κ
 is called the bounding genus of K. This is an analogue of Matsumoto's
bounding genus of a homology 3-sphere ([9]). To avoid confusion we call the
latter the abstract bounding genus, which will be denoted by | Σ \ for every ho-
mology 3-sphere Σ.
Note that b
κ
 is a homology cobordism invariant of K. Thus the bounding
genus gives a function Cf->{0, 1, 2, ••-, 00}.
DEFINITION. Let L be an integral square matrix of size n with det(L+*L)=
±1. L is b-cobordani (δ^O) if L is congruent to a matrix of the form ί
\ j L Y o ./Yg
where N19 AΓ2, N9 are kxl, lχky / x / matrices respectively and k^——b, l=n—k.
Note that n is always even.
Note that a matrix is 0-cobordant if and only if it is null-cobordant.
Lemma 3.1. Let L
λ
 and L2 be cobordant integral square matrices with
det (Lj +'L,-)—±1 (i=l> 2). Assume that L
λ
 is b-cobordant. Then L2 is also b-
cobordant.
This lemma can be proved by using an argument similar to that of [8,
§2].
We now estimate the bounding genus of a 3-knot from above.
Theorem 3.2. For a 3-knot K, the following two are equivalent.
(i) b
κ
^b<oo.
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(ii) The abstract bounding genus \K\ of the homology ^-sphere K satisfies
b. Furthermore, L
κ
 is b-cobordant and
Proof. (i)=φ(ϋ) \K\ ^b is obvious. Using the same argument as in [8,
§8] and [10, §4. Lemme 1], we see easily that L
κ
 is έ-cobordant. Let F be a
compact oriented 4-submanifold of S5 bounded by K. Let Δ be a 4-submanifold
of DQ belonging to 1BK. Then F\J(— Δ) bounds an oriented 5-submanifold of
Z>6. Hence sign(L
κ
+tL
κ
)=
σ
 (F)=σ(Δ)=0.
(ii)=s>(i) By Lemmas 2.4, 2.1 and 3.1, we may assume that K is simple.
Let F be a 1-connected 4-submanifold of S5 bounded by K. Furthermore let
Δ be a 4-manifold attaining the abstract bounding genus | K \ . By Lemma 2.6,
we may assume that F is diffeomorphic to the 4-manifold obtained by surgery
on some finite collection of disjoint circles in Δ. Then by the argument given
in the rpoof of Lemma 2.5, we can prove that K bounds Δ embedded in D6.
Thus b
κ
^b. This completes the proof.
REMARK. For a 3-knot K, let σ
κ
= sign (!,# +'£#), which is called the sig-
nature of K. By Theorem 3.2, b
κ
<oo if and only if σ
κ
—Q.
Next we define the Murasugi number of a 3-knot. For a 3-knot K, let 3K
denote the set of all compact oriented 1 -connected 4-submanifolds of Z)6 bounded
by K. By Lemma 2.4, ώ^Φφ. We now define^— min {rank ίf2(Δ); Δ^3K} .
g
κ
 is called the Murasugi number of K (see [10]). Note that g
κ
 is always even.
This is a concordance invariant of K. However, we do not know whether this is
a homology cobordism invariant of K. Note that g
κ
^ \ σ
κ
 \ .
Theorem 3.3. For a Z-knot K, the following two are equivalent.
(i) gκ^g*wh*r*g>\<rκ\
(ii) There exists a compact l-connected oriented spin ^-manifold Δ with 8Δ
diffeomorphic to K such that rank H2(Δ)^g, σ(Δ)=σκ and the intersection
pairing of Δ is indefinite. Furthermore L
κ
 is ^--cobordant.
The conditions that Δ is indefinite and g>\σ
κ
\ are needed only in the
proof of (ii)=φ(i).
Proof. (i)=Ξ>(ii) This is proved by the same argument as in the proof of
Theorem 3.2.
(ii)=t>(i) We may assume that K is simple. Furthermore we may assume
that there exists a l-connected 4-submanifold F of S5 bounded by K which
is diffeomorphic to the manifold obtained by surgery on some disjoint circles
in Δ.
Now as in [8, §13] , for the given two families of linearly independent ele-
ments {α,.;/3, }Lι and {α<;/?ί}f
=
ι of H9(F) (2^^ rank H2(F)) with arcCj=
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ai aj=βi βj=βi βj=Q and ai β^a'i β'j^ΰij, we need to extend these to
two bases of H2(F) for which the intersection matrices agree. Let A and A' be
the orthogonal complements of {α, ; /?,-} and {αί /3/} respectively. Then by
the indefiniteness of Δ, the intersection pairings restricted to A and A' are both
indefinite. Since their ranks, signatures and types agree, they are isomorphic by
Serre's theorem [IS]. Thus {α, ;/?,-} and {αί;/3ί} can be extended in the
required manner.
The remaining argument is the same as in the proof of Theorem 3.2. This
completes the proof.
REMARK. In the definition of the Murasugi number of a 3-knot K, replacing
3K by &ί= {compact connected oriented 4-submanifolds Δ of Z?6 bounded by
K with H1(A)—0}y we obtain the homological Murasugi number g'κ. Then an
analogue of Theorem 3.3 also holds for g'
κ
. Note that g'
κ
 is a homology cobor-
dism invariant of K.
In the next section we shall give some examples of the Murasugi number
of algebraic 3-knots.
4. Application to algebraic 3-knots
Let / be an analytic function defined on some neighborhood of the origin
0 in Cn+1 with/(0)=0. We assume that / has at most an isolated critical point
at the origin. The algebraic (2n—\)-knot associated with / is defined to be the
knot given by Kf==f'\0) Γ]Sϊ*+1c:Sί*+l9 where £>0 is sufficiently small and
S*n+1 is the sphere of radius £ centered at the origin (for more details see [11]).
Note that Kf is a smooth closed (2n— l)-manifold.
By [11], the algebraic knot Kf is fibered for any function/ as above. Fur-
thermore the fiber has the homotopy type of a bouquet of w-dimensional spheres.
The number of these spheres are called the Milnor number of /, denoted by
μ(f)
In this section, we confine ourselves to the case of algebraic 3-knots (n=2).
Proposition 4.1. Let Kf be an algebraic Z-knot which is a homology 3-
sphere. If Kf is zero or finite order in Cf, thenf~l(ϋ) is smooth at the origin. In
particular Kf is the trivial knot.
Proof. Let L be a Seifert matrix of the algebraic knot Kf. Then by
Michel [10], if L is zero or finite order in G+,f~\ϋ) is smooth at the origin. The
proposition now follows from this and Lemma 2.1.
Let {ft} /e/ be a family of polynomials such that each ft has an isolated criti-
cal point at the origin and/,(0)=0, where / is an open interval and {ft} depends
smoothly on t. We say that {/,} is a μ-constant deformation if the Milnor number
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μ(ft) of ft does not depend on ΐ (see [6]).
Proposition 4.2. Let {ft} be a μ-constant deformation. Suppose that the
algebraic knots Kft associated with ft are homology 3 -spheres. Then Kft and Kft,
are homology cobordant for any ty t' ^J.
Proof. We may assume that \t— 1'\ is sufficiently small. If i?>0, £>0
are sufficiently small, the Milnor fibration of ft
f,l |/,|:{*; \\*\\gR, \ MX) \ =6} - S1 (A)
is isomorphic to the fibration
/χ*)| =£} -* & (B)
(see [6, p. 73]). Note that (B) is not always the Milnor fibration of /,/. Choose
δ, 37 with 0<δ<#, Q< η<6 such that
|/^)| = *> -» s1 (C)
is the Milnor fibration of /,/. This fibration is contained in the fibration
I/X*)I =rt -51 (D)
and (B) and (D) are isomorphic fibrations. Let F and F' be the fibers of (D)
and (C) respectively. Note that 9FcS| is isotopic to Kft and QF'dSl is
isotopic to Kft/9 where S5R and SI are the spheres of radii Ry 8 respectively
with centers at the origin. Then F' is contained in F and, by Le and Ramanu-
jam [6], the inclusion map is a homotopy equivalence. Thus, it is easy to see
that F— Int F' is a homology cobordism between dF and QF' . Thus Kft and
Kft, are homology cobordant.
REMARK. For WΦ2, a μ-constant deformation is topologically constant
([6]). However, we do not know whether this is also true for n— 2. Note
that, even when n—2, Seifert matrices of a μ-constant deformation are constant
modulo congruence.
Next we consider the following problem (see [4, Problem 5]).
PROBLEM. If two algebraic 3-knots, which are homology 3-spheres, are
homology cobordant, are they isotopic?
A pratial answer is given as follows.
DEFINITION. A polynomial f(%19 #2, •••, zn+1) in Cn+l is said to be weighted
n + l ^7
homogeneous if there exist positive rational numbers (w19 w2, •••, ^n+J) with Σ — -
•
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= 1 for every monomial c*fi sf' ^+ϊ1^0) of ffa, z2, •••, #Λ+1) (see [11, §9]).
Proposition 4.3. Letf^x, y, z) (*'= 1, 2) fo weighted homogeneous polynomials
having isolated critical points at the origin. Suppoes that the algebraic 3 -knots
Kf. associated with fi are homology 3 -spheres. Then Kfl and Kf2 are homology
cobordant if and only if they are isotopίc.
REMARK. If we forget the embeddings, the above proposition does not
hold. For example, the Brieskorn manifolds 2(2, 3, 13), 2(2, 5, 7) and 2(3, 4, 5)
are all homology cobordant to *S3, i.e., they are zero in M* ([!])• However,
they are not diffeomorphic to one another.
Proof of Proposition 4.3. By [14], we may assume that/,- is a Brieskorn
type polynomial. Let /,-(#, y, z)=xai+ybi-}-2ci (i=ly 2). Since Kfl is a homol-
ogy 3-sphere, α, , bi and c{ are pairwise relatively prime ([2]). Let Δt (Z) be the
characteristic polynomial of the monodromy for /,-, which agrees with the
Alexander polynomial of Kfi. Then by [11, §9],
A
 ω =
 (* '*«'
* > i-ί) (t-l) '
Let φd(t) be the d-ih cyclotomic polynomial. Then t"—l= Π Φd(t) Using
this formula, we obtain the equation d\n
where D~ {d^N\ d\a{ bi ciy d^af biy dχb{ ch dχc{ a{}. Note that (*) is the
irreducible factorization of Δ, (Z).
Now assume that Kfί and Kfz are homology cobordant. Then K=Kfl $
(—K/2) is a null-cobordant 3-knot. For every 7(ί)eZ[ί], define y*(t)=tm
γfί"1), where m^deg γ(ί). Let Δ(ί) be the Alexander polynomial of Ky then Δ(ί)
= ±Δ1(ί)Δ?(ί). Since φ*(t)=±φd(t) and Δ2(ί) is a product of cyclotomic
polynomials, Δί(ί) = ±Δ
a
(ί) Thus Δ(ί)=Δ!(ί) Δ2(0
Since Kis null-cobordant, Δ(ί) = ±λ(ί) λ*(ί) for some λ(/)e^[ί] (see [8]).
Furthermore λ*(ί) = ±λ(ί), since Δ(ί)=Δ!(ί) Δ2(Z) is a product of cyclotomic
polynomials. Thus Δ(/)—Δj(ί) Δ2(ί)=λ(ί)2 Using the equation (*), we see
easily Δ1(ί)=Δ2(ί)> i e-> Dl=Dv This implies {^ , 61, cj = {a2, b2, c2}. Thus
Kfl is isotopic to Kfz. This completes the proof.
Finally we give some examples of the Murasugi number of algebraic 3-
knots. Note that gKf^μ(f) for every algebraic 3-knot Kf.
EXAMPLE 4.4. Let f(x, y, z)=x2Jry3+z13, and let Kf be the algebraic 3-knot
associated with/. Kf is the Brieskorn manifold 2(2, 3, 13), which is a homology
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3-spherε ([2]). Let L be its unimodular Seifert matrix. Using a formula of
Brieskorn [2], one obtains sign(L+'L)= — l6. Since rank L=μ(f)=24 , L+*L
is indefinite. In particular L is 11-cobordant. Furthermore, 2(2, 3, 13) bounds
a compact contractible 4-manifold M ([!]). Let Δ— MftJ^, where V4 is a
manifold diffeomorphic to a K3 -surf ace. Then Δ is a 1 -connected spin 4-
manifold with QA^Kfί rank #2(Δ)=22, and σ(Δ)= — 16. Thus Kf satisfies the
conditions of Theorem 3.3 (ii). Hence gKf ^22. Note that this result has al-
ready been obtained by S. Akbulut ([10, p. 176]).
On the other hand, by Donaldson [3], 2(2, 3, 13) cannot bound any com-
pact 1 -connected spin 4-manifold with signature —16 and second betti number
strictly less than 22. Thus gKf=22.
The same argument as above can also be used in the cases of 2(2, 5, 7)
and 2 (3, 4, 5).
In fact, there exist infinitely many algebraic 3 -knots Kf with £#/</<&(/)•
instance, f(x, y, z)=x2+y3-\-z}2k~1 (A^4) is such an example. See [2, p. 13] and
[9, p. 307].
Next we consider a theorem of F. Michel [10, p. 176], which states that an
algebraic (2n— l)-knot Kf, which is a homology (2n— l)-sρhere, satisfies gKf=
μ(f) if and only if/ has a simple critical point at the origin, provided that n>2.
We now give a counter-example of this theorem in the case of n=2. We use
the deep result of S. Donaldson [3]. See also Problem E [16, p. 250] by Michel.
EXAMPLE 4.5. Let/(#, y, z)=x?+y3-ί
Γ
211, and let Kf be the algebraic 3-
knot associated with /. By [2], Kf is a homology 3 -sphere and σKf= — 16.
Furthermore Kf bounds a compact 1 -connected 4-manifold N with intersection
form isomorphic to U ([9]).
Now suppose gκf<μ>(f) Let Δ^£Kf be a submanifold of Z>6 attaining
gKf. Then we have σ(Δ)— σKf= — 16 and the second betti number of Δ is strictly
less than μ(f)—20. Let F=ΔUN"be the 4-manifold given by identifying the
boundaries of Δ and N. Then V is a compact 1 -connected spin 4-manifold with
σ
(F)— — 16 and second betti number strictly less than 22. This contradicts the
result of S. Donaldson [3]. Thus gKf= μ ( f }
Note that the singularity of/ at the origin is not simple, because the inter-
section form of its Milnor fiber is indefinite.
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